In this paper we analyse, in a contingent-claims framework, one of the most common life insurance policies sold in Italy during the last two decades. The policy, of the endowment type, is initially priced as a standard one, given a mortality table and a technical interest rate. Subsequently, at the end of each policy year, the insurance company grants a bonus, which is credited to the mathematical reserve and depends on the performance of a special investment portfolio. More precisely, this bonus is determined in such a way that the total interest rate credited to the insured equals a given percentage (participation level) of the annual return on the reference portfolio and anyway does not fall below the technical rate (minimum interest rate guaranteed, henceforth). Moreover, if the contract is paid by periodical premiums, it is usually stated that the annual premium is adjusted at the same rate of the bonus, and thus the benefit is also adjusted in the same measure. In such policy the variables controlled by the insurance company (control-variables, henceforth) are the technical rate, the participation level and, in some sense, the riskiness of the reference portfolio measured by its volatility. However, as it is intuitive, not all sets of values for these variables give rise to a fair contract, i.e. to a contract priced consistently with the usual assumptions on financial markets and, in particular, with no-arbitrage. We derive then necessary and sufficient conditions under which each control-variable is determined by a fair pricing of the contract, given the remaining two ones.
INTRODUCTION
At the end of the seventies a new kind of life insurance product, the so-called rivalutabile, was introduced in Italy, together with the index-linked policies 1, in order to match the high level of inflation that led the returns on Treasury Bonds and fixed-income securities up to 20% p.a.. The interest rate of 3% p.a. commonly guaranteed by traditional life insurance products was indeed completely inadequate and seriously jeopardized the marketability of such products.
The term rivalutabile identifies the Italian version of the widely known participating policy, or policy with profits (Universal Life Insurance, in the United States). In Italy a special portfolio of investments, covering at least the mathematical reserves of all the policies with profits issued by a same insurance company, is constituted and kept apart from the other assets of the company. Within the end of each calendar year the rate of return on this portfolio (reference portfolio, henceforth) in the preceding financial year is computed and certified by a special auditor. The financial year usually begins on November 1 st and ends on October 31 st. A percentage of this rate of return, that is defined every year and usually cannot be less than a fixed level (e.g. 70%), is granted to the insured. More precisely, if the granted rate of return exceeds the technical interest rate already included in the premium calculation, a bonus computed at the excess rate is credited to the mathematical reserves of all the participating policies when they reach their anniversary (i.e., at the end of the policy year). Observe that, in this way, the technical rate becomes a minimum interest rate guaranteed.
Policies with profits are very often paid by annual premiums. If this is the case, it is usually stated that the annual premium increases at the same excess rate credited to the mathematical reserve so that, as like as in the single premium contracts, also the benefits are adjusted in the same measure in order to maintain the actuarial equilibrium with regard to the residual policy period.
Since the pioneering work by Brennan and Schwartz (1976 , 1979a , 1979b ) and Boyle and Schwartz (1977) , a great prominence has been given so far in the financial and actuarial literature to the issues of pricing and hedging equity-linked life insurance contracts with minimum guarantees. In contrast with this, participating policies have not been studied very much in a contingent-claims framework 2, although they are the most important life insurance products in terms of market size. This is probably due to the fact that the minimum interest rate guaranteed used to be far lower than the market rates, and therefore the risk associated to the issue of the guarantee seemed to be quite negligible and was not seriously considered a threat to the solvency of a life insurance company. Now that the economic setting has dramatically capsized in most industrial countries and the market interest rates have sunk 1 Actually, the first index-linked policy traded in Italy dates back to 1968. 2 The first application of option pricing theory to bonuses on participating policies of which we are aware is Wilkie (1987). up to very low levels3, this threat has become impending. Then an accurate assessment of all the parameters characterizing the guarantees and the bonus mechanism constitutes a crucial problem in the management of a life insurance company. Some recent contributions in this direction are due to Briys and de Varenne (1997) , Persson (2000a, 2000b) , Grosen and Jorgensen (2000) , Hansen and Miltersen (2000) , Jensen, Jorgensen and Grosen (2000) . Briys and de Varenne (1997) consider a single-period valuation model for the equities and the liabilities of a life insurance company. In particular the policyholders, i.e., the "owners" of the liabilities, earn a minimum interest rate guaranteed plus a bonus. The bonus is given by a percentage (participation level) of the difference, if positive, between the final value of the assets times the initial ratio between liabilities and assets, and the minimum guaranteed final value of liabilities. In their valuation model Briys and de Varenne take into account also the risk of default. Under the assumption that the assets follow a lognormal process and the stochastic interest rates behave as in Vasicek (1977) , they obtain a closed-form solution both for equities and for liabilities. They also derive an equilibrium condition which relates, by an explicit formula, the participation level to the minimum interest rate guaranteed. Miltersen and Persson (2000a) consider a multiperiod valuation model in which the "customers" (i.e., the policyholders) are entitled to two different accounts: the "customer's account" and the "bonus account". The customer's account earns, at the end of each year, a minimum interest rate guaranteed plus a percentage of the positive excess between the realized rate of return on a benchmark portfolio and the promised minimum rate. The bonus account, instead, is a sort of buffer that receives, in "good" years, an additional percentage of the positive difference between the above mentioned rates and, in "bad" years, is used for fulfilling the minimum guarantee promise. At maturity, if the bonus account is negative, the deficit is anyway absorbed by the insurance company. Under the Black and Scholes (1973) framework, Miltersen and Persson derive a closed-form solution for the customer's account and use instead the Monte Carlo approach for valuing the bonus account. They also derive an equilibrium condition which relates the participation levels, the volatility parameter characterizing the return on the benchmark, and the annual minimum interest rates guaranteed. Grosen and Jorgensen (2000) consider, as Miltersen and Persson, a multiperiod valuation model, and split the Liability Side of the Balance Sheet into two components: the "policy reserve" and the "bonus reserve" (or simply "buffer"). At the end of each policy year the policy reserve earns the maximum between a minimum interest rate guaranteed and a percentage of the (positive) difference between the ratio buffer/policy reserve valued at the end of the preceding year and a target buffer ratio. Also Grosen and Jorgensen model the assets ~ la Black and Scholes. In particular, they show how a typical participating contract can be decomposed into a risk-free bond element, a bonus option (of European style), and a surrender option (of American style). Then they separately price these elements by using a Monte Carlo approach for the European option and a binomial lattice approach for the American one.
The remaining papers constitute further extensions of the results by Grosen and Jorgensen (2000) and Miltersen and Persson (2000a) .
All the above mentioned authors consider a single-payment contract in which the mortality risk is not taken into account. The purpose of this paper is the fair pricing of an actual life insurance participating policy that couples the mortality risk with the financial elements and is paid either by a single premium or by a sequence of periodical premiums.
The policy, of the endowment type, exhibits almost all the features of the Italian products, and in particular the same pricing technique. This technique consists in computing the (initial) net premium, single or annual, as in the case of a standard endowment policy, given the initial sum insured (benefit), the technical interest rate, and a mortality table from which the life and death probabilities are extracted; hence the financial risk connected to the technical rate guarantee is completely disregarded. Then, at the end of each policy year, the benefit and the periodical premium are adjusted according to the bonus mechanism.
By "fair pricing" we mean pricing consistent with no-arbitrage in the financial markets. Therefore, since the rules for computing the premium(s) are anyway fixed, a fair pricing is feasible by suitably choosing the parameters characterizing the contract. The contractual parameters, "controlled" by the insurance company, are the participation level and the technical (or minimum guaranteed) interest rate. Another parameter which, in some sense, can be also "controlled" by the insurance company is the riskiness of the investments composing the reference portfolio, measured by a volatility coefficient. If, in particular, this volatility is high, the reference portfolio can produce high returns as like as heavy losses. The losses, however, are entirely suffered by the insurance company since the policyholder benefits of the minimum interest rate guarantee. Then, in this case, the chance of high bonus returns may induce the policyholder to accept a lower minimum rate guaranteed and/or a lower participation level. Moreover, it is quite intuitive that there is also a trade-off between the participation level and the minimum rate.
We suggest that the insurance company, instead of keeping together the investments concerning all the participating policies issued, graduates several reference portfolios according to their volatility, and thus offers its customers the choice among different triplets of technical rate, participation level, volatility.
Under the Black and Scholes assumption for the evolution of the reference portfolio and assuming independence between mortality risk and financial risk, we express, first of all, the fair price of a participating contract in terms of one-year call options. This has some similarities with tandem options (see, e.g., Blazenko, Boyle and Newport (1990) ) and the ratchet features of some equity-linked life insurance policies. Then we derive a very simple closed-form fairness relation, the same both in the case of a single premium and in that of periodical premiums. We also give necessary and sufficient conditions under which each one of the three control-parameters is determined, given the remaining two ones and the market instantaneous riskless interest rate. These solutions turn out to be unique and quasi-explicit.
The paper is organized as follows. In Section 2 we formalize the structure of the policy and of the bonus mechanism. Section 3 starts with the presentation of our valuation framework and ends with the definition of the arbitrage condition. In Section 4 we derive the fairness relation and give the conditions under which each control-parameter is uniquely determined; moreover, we present some numerical examples of sets of parameters satisfying this relation. In Section 5 we hint at possible hedging strategies and at some practical problems that they could involve. Section 6 concludes the paper.
THE STRUCTURE OF THE POLICY
Consider a single endowment policy (or a cohort of identical endowment policies) issued at time 0 and maturing at time T. We denote by x the entry age, by Co the "initial" sum insured, and by i the annual compounded technical interest rate. In what follows we disregard any problem connected with expenses and relative loadings, so that only net premiums are involved.
Single premium contracts
If the policy is paid by a single amount U at the initiation of the contract, and the benefit is assumed to be due at the end of the year of death t= 1,2 ..... T or, at the latest, at maturity T, the following relation defines U:
where v=(1 +i) 1, t I I lqx represents the probability that the insured dies during the t-th year of contract (i.e., between times t-1 and t), and T-~Px represents the probability that the insured is alive at time T-1 (i.e., he(she) dies during the last year of contract or survives the term of the contract).
Observe that the premium U is expressed as an expected value of the discounted benefit, just as though the insurance company were risk-neutral with respect to mortality. Since mortality fluctuations, due to (a) uncertain future mortality improvements and (b) parameter uncertainty for a given company, actually occur, the insurer (which is not risk-neutral but risk-averse) usually requests a compensation for accepting mortality risk. Traditionally this compensation is not explicitly added to the premium, but it is implied by the choice of a "safe" mortality table according to which the premium, computed as an expected value, is implicitly charged by a "safety loading". Then the life and death probabilities extracted from this table usually differ from the "true" ones, unless the insurance company is able to eliminate (by an extreme diversification) mortality fluctuations and operates in a perfectly competitive market. Hence this "adjusted" table may be interpreted as a "risk-neutral" one, in the sense that the term "risk-neutrality" has in the Financial Economics environment.
We assume that, at the end of the t-th policy year, if the contract is still in force, the mathematical reserve is adjusted at a rate 8t ("bonus rate") defined as follows:
The parameter 11, between 0 and 1, denotes the participation level, for simplicity assumed to be constant in time, and gt denotes the annual return on the reference portfolio. Relation (2) formally translates the fact that the total interest rate credited to the mathematical reserve during the t-th policy year, (l+i)(l+~t)-1, equals the maximum between i and rlgt, i.e., that i is a minimum rate of return guaranteed to the policyholder. Since we are dealing with a single premium contract, the bonus credited to the mathematical reserve implies a proportional adjustment, at the rate 6, also of the sum insured. In particular, if the insured dies within the term of the contract, we assume that the benefit profits by an additional (last) adjustment just before being paid at the end of the year of death. This is in contrast with what happens in Italy for participating policies, where the amount of the benefit due in a given policy year is fixed at the beginning of the year and therefore there is a sort of predictability with respect to the relevant information characterizing the financial uncertainty. We point out that our assumption is not motivated by the wish of obtaining closed-form solutions since, under the valuation framework depicted in the next section, the market value of the policy would anyway be expressible in closed-form. However, as we will see in the sequel of the paper, it is just this assumption that allows us to derive a very simple and explicit fairness relation, depending only on four variables.
Denoting by Ct, t=l,2 ..... T, the benefit paid at time t if the insured dies between ages x+t-1 and x+t or, for t=T, in case of survival, the following recursive relation links then the benefits of successive years:
The iterative expression for them is instead:
j=l
Periodic premium contracts
Assume now that the policy is paid by a sequence of periodical premiums, due at the beginning of each year of contract, if the insured is alive. The initial premium, P0, paid at time 0, is given by where the death probabilities t-ll lqx and the survival probabilities tPx are extracted from the same table introduced in the previous subsection. Moreover, most of the considerations and assumptions made in that subsection are still valid, in particular the bonus mechanism described by relation (2). In Italy it is usual that the periodical premium of a participating policy is annually adjusted at the same bonus rate 6t credited to the mathematical reserve. In this case, denoting by Pt, t=l,2 ..... T-l, the (t+l)-th premium paid at time t, if the insured is alive, one has Pt=PH(l+~t), t= 1,2,...,T-1. 
If this is the case, the benefit Ct is also adjusted in the same measure, so that relation (3) or, alternatively, (4), still holds.
In this paper we also make the assumption of identical adjustment rates for the mathematical reserve and the premium (and hence for the benefit). However, we observe that not all countries (for example, the UK) update premiums as happens in this model. Moreover, also for the Italian contracts it is sometimes stated that the adjustment rate of the periodical premium is only a fraction, for instance one half, of 6t, or even 0 (i.e., the premiums are constant). In these cases an actuarial equilibrium relation concerning the residual policy period imposes that the adjustment rate of the benefit in a given year is a weighted mean of the remaining two adjustment rates in the same year (see, e.g., Pentik/iinen (1968)). Unfortunately this mean turns out to be path-dependent since it depends (through the updated values of the mathematical reserve and the premium) on all the adjustment rates in the past years. Therefore it is hard to obtain closed-form relations for the market value of the contract in these cases, hence our assumption of identical rates is crucial in the derivation of all the results concerning periodic premium contracts presented in the next sections.
THE VALUATION MODEL
In this section we describe, first of all, the basic assumptions concerning the financial set-up. Then, observing that both the periodical premiums and the benefit are typical contingent-claims, we apply the martingale approach put forward by Harrison and Kreps (1979) and Pliska (1981, 1983) to obtain a valuation formula for them. Finally, the mortality risk comes into play in order to establish a fairness condition in the pricing of the contract.
Assumptions
We assume perfectly competitive, frictionless and arbitrage-free securities markets, populated by rational and non-satiated agents, all sharing the same information. We denote by r the continuously compounded market rate, assumed to be deterministic and constant. Therefore, in our framework, there is a unique source of financial uncertainty, reflected by a stochastic evolution of the reference portfolio. Assume that this uncertainty is generated by a standard brownian motion W, defined on a filtered probability space (~, 5, Q) in the time interval [0,T] . In particular, Q represents the equivalent martingale measure, under which the discounted price of any financial security is a martingale (see Harrison and Kreps (1979) ).
We assume that the reference portfolio is a well-diversified one, and is split into shares, or units. Moreover, dividends, coupons or whatever else yielded by the assets composing it are immediately reinvested in the same portfolio and thus contribute to increase its unit price. Therefore its annual returns are completely determined by the evolution of its unit price and not by that of its total value, which reflects also new investments (corresponding, for instance, to the payment of periodical premiums or to the entry of new policies into the portfolio) and withdrawals (when some policy expires). We denote by (:i t the unit price at time t of the reference portfolio and model it, under Q, as a geometric brownian motion:
with the constant ~ representing the volatility parameter and Go given. As it is well known, the solution to the stochastic differential equation (8) is given by
We assume that the annual compounded rates of return gt introduced in the previous section are defined as Gt gt = Gt_l -1, t= 1,2,...,T 4,
so that l+gt: exp{r-~2/2 +cy(W t-Wt_l) } are independent and identically distributed (i.i.d.) for t = 1,2 ..... T and their logarithms, representing continuously compounded rates of return, are all independent and normally distributed with mean r-g2/2 and variance c~ 2. Therefore also the bonus rates ~t defined by relation (2) of Section 2 turn out to be i.i.d. As we will see in a moment, this fact is really crucial since the independence of the bonus rates allows us to express the market value of the contract in terms of one-year call options and, together with the identical distribution, to translate the fairness condition into a very simple equation. Finally, we assume independence between mortality and the financial elements, so that the valuation of the contract can be performed in two separate stages: in the first stage premiums and benefits defined by relations (7) and (4) of Section 2 are priced as like as they were (purely-financial) contingentclaims due with certainty at a fixed (future) date; in the second stage their time 0 prices are "weighted" with the probabilities introduced in Section 2 in order to get a "fair" price of the contract.
Fair valuation of single premium contracts
To value these contracts, we first need to compute, for any t = 1,2 .... ,T, the market value of the contingent-claim Ct, defined by relation (4) of the previous section and assumed to be due with certainty at time t. To this end we exploit the martingale approach put forward by Harrison and Kreps (1979) and Pliska (1981, 1983) and express the time 0 price of Ct, denoted by rr(Ct), as the following expectation under the risk-neutral measure Q:
Exploiting relations (4) and (2) of Section 2 together with the stochastic independence of the bonus rates 6j for j = 1,2 ..... T, and after some algebraic manipulations, we get then
t=l ..... T.
Recalling that 1 + gj are, for any j, identically and lognormally distributed with, in particular, the same distribution as the time 1 stock price in the classical Black and Scholes (1973) model (given a time 0 price of the stock equal to 1), it is immediate to realize that the Q-expectation into the round brackets in the RHS of relation (12) represents the time 0 value of a European call option on a non dividend paying stock with initial price equal to 1, option with maturity 1 and strike price equal to 1 +i/rl. Denoting this value by c, we have then ~(Ct)= Co(exp{_r} + 11 t ]-~c), t= 1,2 .... T,
with c given by the classical Black and Scholes (1973) formula:
where dl= r+~2/2-1n(l+i/q) d2= d 1-o', and F denotes the cumulative dis-
tribution function of a standard normal variate. The fair price of the single premium contract analysed in this paper, FVB, can be obtained by summing up, for t = 1,2 ..... T, the time 0 values of Ct weighted with the probabilities (introduced in Section 2) that they are exactly due at time t: 
Fair valuation of periodic premium contracts
Most of what said in the previous subsection for single premium contracts is still valid in the case of periodical premiums. In particular the fair value of the benefit is still given by relation (15), while the fair value of the sequence of periodical premiums, FVR is given by The fairness requirement implies now that the fair value of the benefit, FVB, equals the fair value of the premiums, FVP, i.e., that C A (i,) ~, .. 60
O~x:-yl = Voax:-y 1.
Recalling the definition of P0 given in relation (5) of Section 2, we conclude this subsection by stating that the contract is fair if and only if the following condition holds:
t 
THE FAIRNESS RELATION
We are no~v ready to characterize fair contracts by a very simple relation.
Proposition 1. A participating policy is fairly priced if and only if
exp{-r} (l+i) + qc -1 = 0.
Proof. In the previous section we have seen that a participating policy is fairly priced if and only if K(i)=K(i,), being Note that relation (22) depends only on four parameters: the market instantaneous interest rate r, the annual compounded technical rate i, the participation level rl, and the volatility coefficient ~y. While the rate r is exogenously given, the remaining parameters can be chosen by the insurance company, hence they are control-variables. In particular, i and rl are directly fixed by the insurer, whereas o can be indirectly determined by a suitable choice of the assets that compose the reference portfolio. It is quite intuitive that relation (22) defines a trade-off between any pair of control-parameters, given the third one and r. If the minimum interest rate guaranteed i is high, then the insurance company cannot afford to fix a great participation level since, in "good" years (i.e., when gt > i), it has to put aside a sufficient amount of non-distributed funds in order to be able to fulfil the minimum guarantee promise in "bad" years (when gt < i). Similarly, a highly volatile reference portfolio can produce high returns as like as heavy losses. The losses, however, are entirely suffered by the insurer since the policyholder benefits of the mininmm interest rate guarantee. Therefore in this case, to protect itself, the insurance company must keep the technical interest rate and/or the participation level down. In what follows this trade-off will formally turn out from the fact that all the partial derivatives with respect to the control-parameters i, q, • of the function g (r,i, q, or): = exp {-r} (1 +i) + qc(r,i, q,cy)-1,
with c (r, i, 11, or): = c defined by relation (14), are of the same sign (in particular, positive).
In the remaining part of this section we will analyse, separately for each one of the three control-parameters, necessary and sufficient conditions under which there exists a unique solution to equation (22) for any given positive value of r and once the insurance company has "fixed" the values of the other two control-parameters. Before doing this, however, we state the following Proposition 2. A necessary condition for a fair pricing of the contract is i < exp {r) -1 (24) or, equivalently, ln(l+i)< r.
Proof. Observe that relation (22) Proposition 2 states that the technical interest rate i must be strictly less than the annual compounded market rate exp{r}-I or, equivalently, that the continuously compounded technical rate, ln(1 +i), must be less than r. Reminding that i is also the minimum interest rate guaranteed, this condition is indeed a quite obvious consequence of the no-arbitrage assumption.
Solutions with respect to the technical rate i
Given a market rate r > 0, imagine that the insurance company has already fixed the participation level 11, between 0 and 1, and chosen the assets composing the reference portfolio, so that also c~ > 0 is given. We are now going to analyse if there exists a technical interest rate i, non negative and less than the annual compounded market rate exp{r}-l, such that the fairness relation (22) -N-- (26) i.e., that g is strictly increasing with respect to i. Moreover, since sup g(r,i, rl,~)= lim g(r,i,q,cy)=qc(r, exp {r}-l, q, c0> 0, 
i.e., h is strictly decreasing with respect to or, and sup h(r, cy)= lira ° h(r,o): 1. To get a numerical insight, in Tables 1 and 2 we provide some examples of solutions to equation (22) with respect to i for given values of rl and or. More precisely, the results reported in Table 1 are obtained by choosing a value of 3% for r, while Table 2 reports the results obtained when r is equal to 10%. We refer to Bacinello (2000) for similar results corresponding to different values of r and to a wider range for cy. coincide, in terms of basis points. Moreover, observe that with a market rate of 3% and a volatility coefficient of 15-20%, there are non negative solutions for i only when r 1 < 30% (see Table 1 ), whilst, for instance, when r = 10% and --15%, a participation level between 70% and 80% leads to a fair technical rate between 4.28% and 0.7% (see Table 2 ).
Solutions with respect to the participation level q
Assume now that, given r > 0, the insurance company has already fixed a technical interest rate i e [0, exp{r}-l), and chosen a reference portfolio with volatility coefficient cr > 0. We are then concerned with the determination of a participation level q, between 0 and 1, such that the contract is fair. As in the case analysed in the previous subsection, we observe first of all that 8g_ -c (r, i, q, cy) + (i/q) exp {-r) V (d2) > 0, (33) i.e., that g is strictly increasing also with respect to q. 
and observe that
i.e., z is strictly increasing with respect to ~, and
o>0 ~0 Therefore, given r > 0, ~ > 0, and i • [0, exp{r} -1), there is a unique 11 e (0, 1) such that g(r, i, rl, ~) = 0. Tables 3 and 4 report some examples of solutions to the fairness condition with respect to 11 for given values of i and cy when r is equal to 3% and to 10% respectively. As far as the results reported in Tables 3 and 4 are concerned, we observe that, when r = 3%, a reference portfolio with a medium/high volatility produces a very low fair participation level. For instance, if o = 30%, a technical rate between 0 and 3% gives rise to a fair participation level between 22.25% and 4.63% (see Table 3 ). When instead r = 10%, the fair participation levels are obviously higher. For instance, a 3%-value of the technical rate, very common in Italy at the end of the seventies, when the policies with profits were introduced, leads to fair participation levels between 98.17% and 39.93%, corresponding to volatility coefficients between 5% and 40% (see Table 4 ).
Solutions with respect to the volatility coefficient ¢r
We analyse now the problem of finding a volatility coefficient ~ > 0 in order to satisfy the fairness relation, given a market rate r > 0 and once the insurance company has fixed a participation level rl e (0, 1) and a technical rate i ~ [0, exp{r}-l).
Once again, we exploit the strict monotonicity of g with respect to the third control-parameter ~. Observe, in fact, that
Moreove~
and sup g (r,i,q, or) = lim g (r,i,q,cy) = exp {-r} (1 +i) + q-1.
CY>0 0~+°~ Then a necessary and sufficient condition for the existence of a unique solution in ~ to the equation g(r, i, rl, or) = 0 is exp{-r}(1 + i) + 11 -1 > 0. This condition produces the following (strictly positive) lower bound for 11:
Summing up, given r > 0, i ~ [0, exp{r} -1) and rl ~ (1 -exp{-r}(1 + i), 1), there exists a unique ~ > 0 such that the contract is fair. Some numerical solutions with respect to cr for given values of i and q are reported in Tables 5 and 6 , where r is 3% and 10% respectively. Once again, we choose the extreme scenarios considered in Tables 5 and 6 in order to catch some numerical feelings about our findings. When r = 3% (a scenario not far from the Italian one at the present time) and the participation level is rather high, then a fair pricing is attainable only with the choice of a reference portfolio characterized by a very low volatility. For instance, if rl is between 70% and 90%, a fair pricing would require a volatility coefficient between 6.28% and 3.33% for i = 0, and respectively between 1.03% and 0.37% for i = 3% (see Table 5 ). When instead r = 10%, a technical rate of 3% and a participation level between 70% and 90% lead to a fair volatility coefficient between 16.82% and 8.69% (see Table 6 ).
HEDGING STRATEGIES
In the previous sections we have focussed strongly on a price, that is the fair premium for an Italian-style life insurance participating policy, and on the conditions under which this price coincides with that actually requested by Italian insurance companies. However, the fair price is only relevant if some hedging strategy is in force. Then, in this section, we hint at possible hedging strategies and at the practical problems connected with their fulfilment.
To this end, we first observe that, at the beginning of the t-th year of contract (i.e., at time t-1 for t = 1 ..... T), if the insured is alive, the amount invested in the reference portfolio for the policy under consideration is required (by regulatory rules) to equal at least the mathematical reserve, which we denote by Vt_l, plus the t-th premium Pt-I in the case of periodical premium contracts. If the insured dies during the year, the company must pay (at time t) the benefit Ct; otherwise it has to set aside the mathematical reserve Vt, given recursively by the following relations: Vo= U Wt_l (1 +i)(1 + ~t) = qx+t_lCt + Px+t_lWt t=l,2,...,T in the case of periodical premiums, where U, Ct, Pt, 6t are given by expressions (1) to (7) of Section 2, Px+t-l is the probability for a life aged x+t-1 to be alive at age x+t, and qx+t_l = 1-px+t_ 1.
Moreover, if t < T, the mathematical reserve Vt is strictly less than Ct, so that, at the beginning of each year of contract (the last one excepted), the company has to face both a financial and a mortality risk concerning the coming year. Taking into account that the mortality risk can be (substantially) hedged by diversification arguments, we focus now on the financial risk, that arises since the company gets a random return at rate gt on its investments, while it promises the policyholder a return at rate (l+i)(l+fit)-I = max{i, qgt}. Then, in "good years", the company realizes a "gain" at rate gt-i ifi _< gt_ < i/r I gt (1-rl) ifgt> i/rl on the (average) amount Vt_~ (plus Pt-~ in the case of periodical premiums), while it suffers a "loss" at rate i-g t on the same amount in "bad years".
To hedge this risk, at least from a theoretical point of view, the company could follow a dynamic strategy that guarantees, for instance, the amounts Rt_lmax{i-gt, 0} at the end of each year of contract, where Rt_l=Vt_l for single premium contracts and Rt_l =Vt_l+Pt_l for periodic premium ones. This strategy would require to "buy", at each time t-1 (t = 1,2 ..... T), contingentclaims with time to maturity 1 and final payoff Rt_lmax{i-gt, 0}. Recalling the definition of gt, one has Rt_l max {i-g t, 0} = Rt_l Gt_l max {at_ 1 (1 + i)-at, 0}, which corresponds to the payoff of Rt_lGt_ 1 European put options on 1 unit of the reference fund with maturity t and exercise price Gt_l(l+i).
However, from a practical point of view this strategy implies at least two serious problems. First of all, the reference portfolio is usually an internal one, and therefore no traded options with this particular underlying asset are available. Anyway, if this portfolio mimics a benchmark, there could be traded options on the benchmark, and the company could use the gains realized in good years for buying this kind of options. The second problem arises from the fact that there could be a sequence of bad years, in which these options are deeply in the money, with a consequent prohibitive cost for the company. Moreover, in this way, the financial risk is simply shifted from the end to the beginning of each year, when the options are bought.
Alternatively, the company could try to replicate the options by means of dynamic strategies involving frequent rebalancing, according to the market conditions, of the proportion between risky assets and default-free bonds in the portfolio. For a detailed analysis of such strategies see, for instance, Lindset (2000) . Obviously also these strategies are not costless, either because there are transaction costs in the "real world", or because a too conservative investment policy aimed at eliminating the financial risk associated to the minimum guarantee provision could produce, in good years, a worse performance than the policy of a more "aggressive" competitor, and this fact would compromise the marketability of the products offered by the company under consideration.
CONCLUDING REMARKS
In this paper we have analysed a life insurance endowment policy, paid either by a single premium at issuance or by a sequence of periodical premiums, in which both the benefit and the periodical premiums are annually adjusted according to the performance of a special investment portfolio. The premium calculation technique and the adjustment mechanism are defined in such a way that a minimum interest rate is guaranteed to the policyholder an& moreover, a special bonus is annually credited to the mathematical reserve of the policy. These features introduce in the contract some embedded options, of European style, that can be priced in a contingent-claims framework once an independence assumption allows us to keep apart the financial risk from the mortality one. Under the Black and Scholes model for the evolution of the reference portfolio and exploiting the martingale approach, we derive a very simple closed-form relation that characterizes "fair" contracts, i.e., contracts priced consistently with the usual assumptions on financial markets and, in particular, with no-arbitrage. This relation links together the contractual parameters (i.e., the minimum interest rate guaranteed and a "participation" coefficient) with the market interest rate and the riskiness of the reference portfolio.
Undoubtedly our valuation model is very simple, although it includes almost all the features of Italian participating policies. However, taking into account that life insurance policies are usually long-term contracts and bearing in mind the experience on the evolution of the market interest rates in the last two decades, it must be admitted that a framework with deterministic interest rates, such as the Black and Scholes one, is not suitable to represent the real world. Therefore a natural extension of the present paper is certainly the inclusion of stochastic interest rates, as like as stochastic volatility. Notwithstanding this, our model can be useful to an insurance company for fixing the participation level, once all the remaining parameters are given. This model is actually based on the assumption of a constant participation level, although the insurers usually reserve themselves the right to fix year by year the value of this parameter. Therefore, if there is a change in the market rate (or in the volatility of the reference fund), the model can be applied with the new parameters in order to update the participation level, provided that the market rate does not fall below the technical one.
Another issue connected to participating policies is the presence of a surrender option. Since the surrender values of Italian products used to include some penalties, justified by several reasons (adverse selection, loss of future earnings .... ), this option hardly ever turned out to be in the money. Nontheless many policyholders, for personal reasons, were forced to surrender their contracts, so that such penalties produced a certain degree of dissatisfaction. Now that the competition among insurance companies and banks has become particularly aggressive, it is likely to expect that the surrender conditions play a crucial r61e in this competition. Then an accurate assessment of the surrender values and, consequently, the fair valuation of the American-style surrender option, constitute important topics to be addressed in the near future.
